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Abstract 



For linear combinations of quantum product averages in an arbitrary bipartite state, we 
derive new quantum Bell-form and CHSH-form inequalities with the right-hand sides ex- 

fvj ■ pressed in terms of a bipartite state. This allows us to specify in a general setting bipartite 

^ ' state properties sufficient for the validity of a classical CHSH-form inequality and the perfect 

^\ , correlation form of the original Bell inequality for any bounded quantum observables. We also 

CO ' introduce a new general condition on a bipartite state and quantum observables sufficient for 

the validity of the original Bell inequality, in its perfect correlation or anticorrelation forms. 

>0 , Under this general sufficient condition, a bipartite quantum state does not necessarily exhibit 

^«— P ' perfect correlations or anticorrelations. 

■^ 

o 
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1 Introduction 

The Bell [1] and the Clauser-Horne-Shimony-Holt (CHSH) [2] inequalities, derived originally in 
the frame of the Bell local hidden variable model, describe the relations between the product 
expectation values under different joint measurements. 

In the frame of classical probability, for any bounded classical observables, the product expecta- 
tion values in every classical state satisfy the original CHSH inequality and the perfect correlation 
form of the original Bell inequality^ . 

In the frame of quantum probability and, more generally, quantum measurement theory, the 
product expectation values under joint quantum measurements on a bipartite system, do not, in 
general, satisfy a Bell-type inequality. It is, however, well known [4,5] that there exist nonseparable 
bipartite states that satisfy the CHSH inequality for any bounded quantum observables. We 

^The original proof [1] of the perfect correlation form of the Bell inequality is true only for dichotomic classical 
observables admitting values it A. In appendix of [3], we proved the validity of this inequality for any three bounded 
classical observables. 



also proved in [3] that there exist separable states^ that satisfy the perfect correlation form of 
the original Bell inequality for any bounded quantum observables and do not necessarily exhibit 
perfect correlations'^. 

At present, Bell- type inequalities are widely used in quantum information processing. However, 
from the pioneering paper of R. Werner [4] up to now a general analytical structure of bipartite 
quantum states satisfying a classical^ CHSH-form inequality has not been well formalized. More- 
over, a structure of bipartite states satisfying the perfect correlation form of the original Bell 
inequality for any bounded quantum observables has been analyzed (see [3] ) in the literature only 
in the separable case. 

The aim of this paper is to introduce general analytical conditions sufficient for a bipartite 
quantum state to satisfy a classical CHSH-form inequality and the perfect correlation form of the 
original Bell inequality for any quantum observables. 

In section 2.1, we introduce a new notion - a source-operator for a bipartite quantum state 
and prove (proposition 1) that, for any bipartite state, source-operators exist. We specify the 
new notions - density source-operator (DSO) states^ and Bell class states, and present examples 
of such bipartite states. We prove (proposition 2) that the nonseparable Werner state^ is a DSO 
state for any dimension d > 2 and represents a Bell class state if d > 3. 

In section 2.2, we derive the new upper bounds (propositions 3, 4) of linear combinations of 
quantum product averages in an arbitrary bipartite state. These quantum bounds are expressed in 
terms of source-operators for a bipartite state, and this allows us to specify analytically in section 
3 the situations where a bipartite quantum state satisfies a classical Bell-type inequality. 

In section 3: 

(i) we prove (theorems 1, 2) that the product expectation values in a density source-operator 
(DSO) state satisfy a classical CHSH-form inequality for any bounded quantum observables''; 

(ii) we prove (theorem 3, corollary 2) that every Bell class state satisfies a classical CHSH- 
form inequality and the perfect correlation form of the original Bell inequality for any bounded 
quantum observables and does not necessarily exhibit perfect correlations; 

(iii) we introduce a new general condition (theorem 4) sufficient for a density source-operator 
(DSO) state and three bounded quantum observables to satisfy the original Bell inequality, in 
its perfect correlation or anticorrelation forms. A DSO state, satisfying this general sufficient 
condition does not necessarily exhibit (proposition 5) Bell's perfect correlations/anticorrelations 

In section 4, we specify (theorems 5-7) the validity of classical Bell-type inequalities under 
generalized quantum measurements of Alice and Bob. 

2 Quantum upper bounds. General case 

Let a bipartite quantum system be described in terms of a separable complex Hilbert space T-ii®Ti2. 
In this section, for an arbitrary state* p on Tii ® Ti.2, we derive the new upper bounds of linear 

^Sce [3], section 3.B.I. 

^The assumption of perfect correlations or anticorrelations, introduced by J. Bell [1], represents a sufficient 
condition for the validity of the corresponding form of the original Bell inequality for a bipartite quantum state 
admitting a local hidden variable model. 

''in our paper, the term classical specifics the validity of some probabilistic constraint in the frame of classical 
probability. 

^In particular cases, specified in section 2.1, the notion of a density source-operator reduces to the notion of a 
symmetric extension introduced in [6] . 

^This state was introduced by R.Werner in [4] and is widely used in quantum information processing. Sec also 
the results on Werner states in [6] based on the use of semi-definite programs. 

''Everywhere in this paper, quantum observables may have any spectral types. 

*We consider only normal quantum states. 



combinations of quantum product averages: 

tv[p{w[^'^ (g) W^'"'^)] - tY[p(W^'''^ ® W^f '^)], (1) 

^Inmi^PiW^-^^W^'-^)], (2) 

Here, W^" , W2 are any bounded quantum observables on Hi and Ti.2, respectively, and 7„m, 
n,m = 1,2, are any real coefficients. For clearness, we label^ by indices "a" quantum observables 
on Til and by "6"- on H2- 

2.1 Source-operators for a bipartite state 

In order to evaluate (^ and Q, we introduce in a general setting a new notion. 

Denote by /C112 :— Hi (g Hi (g H2 and /C122 ■— Hi ® H2 ® H2 the extended tensor product 
Hilbert spaces. Below, we use the notation tr.^-^ [•], k = 1, 2, 3; to = 1, 2, for the partial trace over 
the elements of a Hilbert space Hm standing in the k-ih place of tensor products. 

Definition 1 (Source-operators) For a state p onHi®H2, letTii2 on JC112 and T122 on JC 122 
be self-adjoint trace class operators defined by the relations: 

tr^'![Tii2] = p, tr^^l[Tii2] ^ p; (3) 

t4l[Ti22] = P, tr^^l[Ti22] ^ p. (4) 

We call any of these dilations a source- operator for a bipartite state p. 
Proposition 1 For a state p on Hi®H2, there exist source-operators T122 and T112. 
Proof. The spectral decomposition of a quantum state p on Hi g) H2 reads: 

p-^a,|^,)(*,|, (*„^,)-%, Va, >0, ^a. = 1. (5) 

i i 

Take an orthonormal basis {fn} in H2 and consider the Schmidt decomposition of an eigenvector 
^i with respect to this basis: 

*. = E ^n ® ^n, Y.(^if>,<^^P) = %. (6) 

n n 

Substituting ® into ©, we derive p = Y.n,mPnm ® Wn){Vml where p„„ := E» a»l*«^>(*m l> 
\/n,ni. The operators p„„ are positive with X]„tr[p„„] = 1. 

For any density operator a on H2 and any self-adjoint trace class operator ri22 on /C122, with 
tr)^2[T"i22] = tr)^2[^i22] = 0, the operator 

^122 = Y.Pn^®\Vn){'Pj®<^ + Y.Pnm®<^®\Vn){vJ (7) 

- tr-H2 [p\®a®a + T122 

represents a source-operator for the state Q . Here, tr-^j [p] = X^n /'nn i^ the density operator on 
Hi reduced from p. The existence of a source-operator T112 is proved similarly. ■ 

Consider now the main properties of source-operators: 
1. tr[r] = 1, for any source-operator T; 



^In the physical hterature, these labels correspond to "Alice" and "Bob" names. 



2. As any self-adjoint trace class operator, a source-operator admits the decomposition T = 

T(+)_T(-) via non-negative operators tW = ^{\T\+T) andT^") = i(|r|-T), and ||r||i = 
tr[T(+)] -Htr[T(")]. For a source-operator, the latter relation implies ||T||i = 1 + 2tr[r(")]; 

3. Any positive source-operator T is a density operator and we refer to it as a density source- 
operator (DSO). A source-operator is a DSO iff ||T||^ = 1. 

Definition 2 (DSO states) ^'^ If a bipartite state has a density source- operator then we call this 
state as a density source- operator state or a DSO state, for short. 

Consider a separable state p^^p. Let J2,n^mPi ® P2 ' where Cm > Oi J2nAm = 1, be a 
separable representation of /O^gp. Then, for example, T122 — X^m ^mPi ® P2 ® P2 i^ ^ density 
source-operator for p^^p. 

Hence, any separable state is a DSO state. However, the converse is not true and a DSO 
state may be nonseparable. In section 2.1.1, we consider examples of nonseparable DSO states, in 
particular, on infinite dimensional Hilbert space. 

li Hi = H2 = Ti. then /C122 = /C112 —'H®TL®'H and in order to distinguish between source- 
operators T112 and T122 we further label^^ them as T^ and T^, respectively. Moreover, if there 
exists a source-operator that satisfies both conditions in definition 1, then we denote this it by 
T^^. The latter source-operator has the special dilation property: 

tr(,^) [T^^] - tr(,') [T^^] - tr^^^ [T^^] = p. (8) 

Definition 3 (Bell class states) //, for a density source- operator (DSO) state onT-C^H , there 
exists a density source- operator with the special dilation property ^ then we refer to this DSO 
state as a Bell class state. 

The Bell class includes both separable and nonseparable states. Separable states on H ® TC 
of the special form (49) introduced in [3], namely: X^m^mP'™^ ® p''"^ Cm > 0> J2mim = 1; 
constitute examples of separable Bell class states. 

2.1.1 Examples of DSO and Bell class states 

In this section, we present examples of nonseparable DSO and Bell class states on 7Y ® 7i. 
Consider the nonseparable Werner state [4] 

Pw — .3 ^c^c ~ ip^d (,yj 

on C* ® C^, d>2. Here, Vd is the permutation operator: Vd{ipi (8) V'2) ■= V'2 ® V'lj ^-01, "02 € C^. 
This operator is self-adjoint and has the properties: (V^)^ = I^d^Qd, tr[Vd] = d. 

Proposition 2 The nonseparable Werner state Pyy- , Vd > 2, represents a DSO state and is of the 
Bell class for any d > 3. 

Proof. Introduce on C^ (g) C^, Vd > 3, the orthogonal projection 

Qd~\'^l®i'2^'^3) ■■ = g{'/'l'^V'2«'V'3-V'2'^V'l'»V'3-V'l'^V'3'^V'2 (10) 

-■03 (g) -02 fXl -01 -I- 02 '^ '/'3 (X) 01 + 03 (8) 01 (8) 02}, 



^"if, in particular, a density source-operator, for example, T122 is symmetric with respect to the permutation of 
elements standing in the second and the third places of tensor products on K122, then this T122 represents a (1,2) 
symmetric extension in the terminology introduced in [6] . 

^'^ These labels indicate a "direction" of dilation. 



V'01, V'21 V'a G C''. This projection has the form: 

^Qd^^ = Ic^igC''0C''-Vd(g)Ic''-Ic''®Vd-{Ic-i®Vd)iVd®Ic-i)iIc''®Vd) (11) 

+(/cd (g) Vd)(Vd ® /c^) + {Vd ® Ic'')ilc'' ® Ki) 
and admits a representation: 

6(5^~ = Ic-i (»€<'(»€'' - Y. |en)(em| ^i |em)(e„| (Ki/cd - I] /c* '^ |e„)(e„| (K" |e„i)(e„| (12) 
- Z) |en)(em| ® ^C ® |em)(e„| + X) |en)(em| «) |em)(efc| (g) |efc)(e„| 
+ E |em)(e„| «! |efc)(e„i| (g) |e„)(efe| 

n,?n,fc 

via an orthonormal basis {e„} in C'' (notice that Vd — J2n m=i \^n){em\ ^ |em)(en| ). 

We havetr^j[(5jj~'] = ^^{Ic'^(^c^ — Vd), Mj = 1,2,3. Hence, for the state p\,J , Vd > 3, the operator 

represents a density source-operator with the special dilation property (8), that is: trj,''j[i?!^^] ~ 
p[^\Vj = l,2,3. Ifd = 2, then 

-R^^ = -^IC^^C^^C^ - ^V2 (g /c2 - -(/c2 (g y2)(V^2 <g Ic^Wc^ <g V^2) (14) 

is a density source-operator for p^^ . The existence of the density source-operators ((T^ and ifTHl 
proves the statement. ■ 

Consider now examples of DSO and Bell class states on infinite dimensional Hilbert space 
Ti®Ti. Take the quantum states 

Pi = ^IV'l®V'l+V'2'^'02)(V'l'^V'l+V'2«'V'2l (15) 

+ J(l^l)(^ll + IV^2>(^2l)®IV'l)(^ll 

and 

P2 = glV'l«'l/'l+V'2«'l/'2)(V'l«'V'l+V'2«'V'2l (16) 

+ l\^l){^l\®{\^l){^l\ + \^2){^2\), 

where V'i,''/'2 ^ ^ ^^^ ^^Y mutually orthogonal unit vectors. The partial transpose p^^ has the 
negative eigenvalue A = i(l — -s/S), corresponding to the eigenvector ^ = c(V'i'gV'2+ "'""2 ''/'2'^''/'i)- 
Therefore, due to the Peres separability criterion [7], the state pi is nonseparable. Nonseparability 
of P2 is proved similarly. The operators 

Rt. - ^|V'l®^l+V'2®^2)(^l«)^l+^2«)^2l®IV'l)(l/'ll (17) 

+ t| V"! <8) -01 <8) ■01 + "02 <8) V'l <8' V'2)(V'l <g V'l <8) ■01 + V'2 <^ "01 <8"/'2l 



and 



i?4»- = g|V'l®V'l+V'2®V'2)(V'l®V'l+V'2«'V'2l«'|V'l)(V'll (18) 

-|--| V'l (X" -01 (Xl '01 + "02 fXl V"! 'X' '02)('01 g) "01 (X) -01 + "02 fXl -01 (^ ^'2! 
D 

-|--| V'l <g -01 (Xl -01 + "01 'X' -02 fXl -02) ("01 g) "01 (Xl -01 + "01 'X' -02 f^ V'21 
D 



represent density source-operators for pi and p2, respectively. Moreover, the DSO R.4^ has the 
special dilation property ^. Hence: (i) pi is a nonseparable DSO state; (ii) pj is a nonseparable 
Bell class state. 

2.2 Quantum Bell- form inequalities 

Based on the new notion of a source-operator, consider now upper bounds of linear combinations 
(Q) of quantum product averages in an arbitrary state p onHi(^H2- 

Let T122 and T112 be any source-operators for a state p. According to proposition 1, for any 
bipartite state p, these operators exist. 

In view of definition 1, we have: 

tr[p(VKi'"^ (g, W^*"^ - W^"^ (g, W^'''^)] (19) 

= tr[ri22(M^i^"^ ® W^''^ ® In, - M^i^"^ ® In, ® wi''^)], 

= tr[Tn2{W^"'^ ® In, ® W^'^ - In, ® W^''''> ® M^^'')], 
and these representations allow us to prove the following general statement. 

Proposition 3 Let W\ , W2 " , rt = 1,2 &e any bounded quantum ohservahles with operator 
norms || ■ || < 1. An arbitrary state p on Hi (g Ti.2 satisfies the inequalities 

tr[p(l^f ^ (g, W^'"^)] - tr[p{W^''^ (g) W^''"'')] (20) 

< IIT122II1 {l~tr[aT,,Awt^g>wt^)] } 
and 

tvipiW^"'^ g) W^''^)] ~ tr[p{W^''''^ g) W^''^)] (21) 

< 11^112111 {l-tr[aT,,,(iy^)®iy^^)]}, 
where T122 and T112 are any source-operators for p and 

^T,,, ■■= ^^T^tr(J|[|ri22|], ^T,,. := Tr^f^^^^nl[\Tii2\] (22) 

||Jl22||l ||Jll2||l 

are density operators on 7^2 ® 'H2 and Hi (g Hi, respectively. 

In the right-hand side of \2(]\) (or \Z1\) ). the observables can be interchanged. 

Proof. In order to prove (|20() . we notice that in (|19|l : 

W^"^ g) W^'''^ g) In, = {W^""^ g) In, g> In,){In, ® M^i'"^ ® In,). (23) 

Wi"^ g) In, ® M^i''^ = {W[''^ g> In, ® In,){ In, ® In, ® W^i''^), 

and the bounded quantum observables 

Wi"'^ g,In,®lH,. In,®w!i''^g)In,. In, ® In, ® w!^'^-^ (24) 

on ^122 mutually commute. From the von Neumann theorem ([8], page 221) it follows that there 

exist: 

(i) a bounded quantum observable Va ^' ^ on /C122; 

(ii) bounded Borel real- valued functions fi\ f2 i '/'s ^n (R, iJu), with supremum norms Hiysi" ||, 



m-\u\\vr\\<^; 

such that 



W^"^ <E> In, <E> In, 



I 



■Hi <isln 



•W. 



(b2) 






(25) 



Let -P^(6i,62) (■): ^i/(''i.''2) (IK) — Iki22^ be the projection-valued measure corresponding uniquely to 



V^ 



(biM) 



due to the spectral theorem. In view of (|19|l and H25|) . 






where we denote by Va^' ^ (s^) a a-additive bounded real- valued measure on 
by the relation 



(26) 



Sr), defined 



(27) 



for any self-adjoint trace class operator Y on /Ci22- For a source-operator T122, the measure 



,(f'i,b2) 



(•; 2^122) is normalized but not, in general, positive. Due to property 2, section 2.1, 



^i'-'^HsTm) = ^("-'^Hst'+V ^^'''^^(•;t(2-2^ 



(6i,&2)/ .T^(±)^ 



(28) 

(29) 



where i^a ^' ^ (■;T'j'22 ) are unnormalized positive measures with 

= ;.(^-^^Hk; 1^122!) 

= l|7^122||l. 

Using H26|l . H28|) . the bound Iv?! || < 1, and the inequality |a; — j/| < 1 — xy, valid for any real 
numbers \x\ < 1, \y\ < 1, we derive: 

tilpiW^"'' (g, W^'"^ - W^"^ (g, W^''"'')] (30) 



^i^-'^HK; IT122I) - / ^i'^\Off'\0'^^^''''Hde, \T,22\)- 



(31) 



(32) 



< 



Due to (|^ and (|?7jl . 

" ip^t\0^'i''\0^l^'''"-Hd^;\T,22\) 

= ||ri22||itr[aT,22(W^i''^'®W^i'^^)], 

where crTi22 '■— \\t ^ II ^^Hi I 1^122 1 ] is a density operator on 7^2 ® '^2- 
Substituting (ISHJ and (PU into (ISOJ, we finally have: 

< ri22|li{l-tr[aT,22(T^i''^^®M^i''^')]}. 
The derivation of the inequality 121|l is quite similar. ■ 

Corollary 1 Let W\ and WQ ^6 '^'^2/ bounded quantum ohservahles with operator norms || • || < 
1. For any state p on Hi (g) 7^2, the inequalities: 

tr[p(W^(")0iyf)]| < \m22\\in + tT[aTi22iwt^®W^'^)]}, (33) 

tr[p(l^|'^)®W^f)]| < i||rn2||i{l + tr[aT,,2(W^i^"^®W'i^''^)]} 
hold with arbitrary source- operators T122 and T112 for p in the right hand sides. 



In particular, for a Bell class state p on TC i^H, the relations H33|) imply: 

I tT[p{Wi ^ W2)]\ < i{l + tT[p{W2 ® W2)] }, 

I tr[p(T4^i ® W2)]\ < i{l + tr[p(M^i ® Wi)] }, 



(34) 



for any Wi and T1^2 on Ti. 

2.3 Quantum CHSH-form inequalities 

Consider now upper bounds for a linear combination (PJ- 

Proposition 4 Let W^""" and W2 "* , n^m = 1,2, &e any hounded quantum, observables with 
operator norms || • || < 1 and 7„„j; n,m— 1,2, be any real coefficients with |7,„„| < 1. 
An arbitrary quantum state p on Tii ® Ti.2 satisfies the inequality 



^ i^,Mp{wt"^^w^'-^)] 



< 2 llTi 



122II1 



n, 771 — 1,2 

whenever 7ii7i2 = ~72i7227 '^'^'^ ^^^^ inequality 

n,m 

whenever 7ii72i = ~7i2722- Here, T122 and T112 are any source-operators for a state p. 
Proof. Due to the upper bounds l|20|l and (|21|l . we have: 

^7™„tr[p(T4^^)^W^f'"))] 
< ||Ti22||i{2 + (7ii7i2 +72i722)tr[aT,..(T^i'^^ ® M^i'^^)] }, 



(35) 



(36) 



(37) 






7„„tr[p(T4^^)®T4^f-))] 



< ||Tn2||i{2 + (711721 +7i2722)tr[aT„,(W^i^°^^ ®W^i^°^^)] }, 
and these relations prove the statement. ■ 



(38) 



3 Validity of classical Bell-type inequalities in the quantum 
case 

Propositions 3 and 4 clearly indicate the cases where a bipartite quantum state satisfies a classical 
CHSH-form inequality and the original Bell inequality for any bounded quantum observables. 
Notice that, in our setting, bounded quantum observables may be of any spectral types^^. 

Theorem 1 (DSO states and the CHSH inequality) A density source- operator^^ (DSO) state 
p on Til ® 0.2 satisfies the original CHSH inequality [2]: 

ti[p{wi''''> (g, W^'"^ + W^"'^ (g) lyf "^ + W^"''' (g, W^'"^ - W^"'^ (g> M^f "^)] < 2, (39) 

for any bounded quantum observables Wi", W2 ™ , n,m = 1,2, with operator norms || ■ || < 1. 

^■^In a particular case, where either Ti. is finite dimensional or, in I39i . bounded quantum observables on infinite 
dimensional Ti. have discrete spectra, the validity of a CHSH-form inequality for a DSO state can be extracted from 
theorems 1 plus 2 in [6] - the proof of theorem 2 in [6] is essentially built up on discrotonoss. 

^^See definition 2, section 2.1. 



If a DSO state on 7i ® 7i is symmetric then, for this state, density source-operators R^ and 
i?4 exist simuhaneously, and from proposition 4 there follows: 

Theorem 2 Let 7„„, n,m — 1,2, be any real coefficients with |7„„| < 1 such that 7ii7i2 = 

-721722 or 7n72i = -7i2722- 

A symmetric DSO state p on H'^TC satisfies the extended CHSH inequality [3]: 



5^ 7„™tr[p(M/^)®Tyf"))] 



<2, 



(40) 



for any bounded quantum observables Wi , W2 ™ , n,m— 1,2, with operator norms || • || < 1. 

Due to proposition 3, we have the following general statements on Bell class states (cf. definition 
3, section 2.1). 

Theorem 3 (Bell class states and the Bell inequality) A Bell class state p on7i®Ti sat- 
isfies the perfect correlation form of the original Bell inequality [1]: 



tv[p{Wi (E) W2)] - ti-[p{Wi (E) W2)] 
< l-tr[p{W2(EW2)], 



(41) 



tT[p{Wi (g) W2)] - tT[p{Wi ® W2)] 

< l-ti[p{Wi(g)Wi)], 



< 1. 



for any bounded quantum observables with operator norms \ \ 

Corollary 2 Any Bell class state p onT-L®T-L satisfies the extended CHSH inequality \4U^ - 

In the right-hand side of l|4HI . the operators can be interchanged. 

It is necessary to underline that, in the physical literature, the validity of the perfect correlation 
form of the original Bell inequality for a bipartite state on Ti ®TL has been always linked with 
Bell's assumption of perfect correlations if the same quantum observable is measured on both sides 
(cf. in [1]). 

In [3], we proved that separable states of the special form^*^ (49) in [3] satisfy (|41|l for any 
bounded quantum observables and do not necessarily exhibit perfect correlations. Theorem 3 
generalizes this our result in [3] and indicates that there exists the whole class of bipartite states, 
separable and nonseparable, where each state satisfies the perfect correlation form of the original 
Bell inequality for any three bounded quantum observables and does not necessarily exhibit perfect 
correlations. 

In case of, for example, a dichotomic observable W2, with eigenvalues ±1, the latter means 
that a Bell class state p satisfies (|41|l even if the correlation function tr[p(W2 ® W2)] ^ 1. 

Due to theorem 3 and proposition 2, the nonseparable Werner state lO on C* ® C"^, Vd > 
3, satisfies the perfect correlation form of the original Bell inequality for any bounded quantum 
observables and does not necessarily exhibit perfect correlations. 

The upper bounds in proposition 3 allow us to introduce also a condition sufficient for the 
validity of the original Bell inequality for a bipartite state and some three quantum observables. 

Theorem 4 (General sufficient condition ) //, for a DSO state p on Ti ®Ti, there exists a 
density source- operator R^ such that: 



(i)r 



tr[aR^ {W2 ® W2)] = ±tT[p{W2 ® VK2)], CJR^ - tr^^^[i?^]. 



(42) 



As we discussed in section 2.1, these separable states belong to the Bell class. 



for bounded quantum observables W2 and W2 with operator norms || ■ || < 1, then this DSO state 
p and these quantum observables W2, W2 satisfy the original Bell inequality [1]: 

tv[p{Wi(S)W2)]-ti-[p{Wi(g)W2)] (43) 

< lTtr[piW2(g>W2)], 

in its perfect correlation (minus sign) or anticorrelation (plus sign) forms. Here, Wi is any 
bounded quantum observable with || • || < 1. 

Notice that, in theorem 3, the sufRcient condition concerns only a bipartite state property and 
refers only to the perfect correlation form of the Bell inequality. A Bell class state satisfies the 
(plus sign) condition l|^ for any observables W2, W2- 

In theorem 4, the sufficient condition H42|l establishes the restriction on the combination - 
quantum observables and a DSO state, and concerns both forms of the original Bell inequality. In 
general, a DSO state satisfying the condition (|42|l does not necessarily either belong to the Bell 
class or satisfy (|42ll for any W2, W2- 

For a symmetric DSO state, let us now prove that the sufRcient condition H42|) is more general 
than Bell's perfect correlation/anticorrelation restriction H44|l and includes the Bell restriction only 
as a particular case. 

Proposition 5 // a symmetric DSO state p on TiiSiTi. satisfies the Bell perfect correlation/anticorrelation 
restriction 

ti[p{W2 (g> W2) = ±1, (44) 

then this DSO state satisfies the sufficient condition i4^ - The converse is not true. 

Proof. If a DSO state p on 7i ® 7i is symmetric then it has both density source-operators, 
R^ and R^. We have: 

H<^R^{W2^W2)] = tY[R^{In<»W2^W2)], (45) 

ti[p{W2(S)W2)] = tr[i?^(W^2 
tT[p{W2®W2)] - tr[i?^(VF2 

Using the arguments based on the von Neumann theorem [8] and quite similar to ones in propo- 
sition 3, we derive: 

tr[aTAW2®W2)] = f ^2i0^3i^Hd^;R^), (46) 

tr[p{W2'E>W2)] = f Vi{0V3{0'^{d^;R^), 

Jr 

tl[p{W2(S>W2)] = f ip,{OV2iO^{dC,R^), 

Jr 

where: 

(i) v{-;R^) :— tr[i?^Py(-)] is a probability distribution on (R, Sr), induced^^ by the projection- 
valued measure Py of a quantum observable V ox\ Ti ® Ti ® Ti (corresponding, due to the von 
Neumann theorem, to three mutually commuting observables W2 ® In ® lu: In ® W2 ® In, 
In®In®W2)] 

(ii) ^i, ip2-i Vz ^^^ bounded Borel real-valued functions on (M, Sr), with supremum norms ||<y9„|| < 
1, such that V3i(V) ^W2®In®In, "^2^) ^In®^2®In and (p^^iy) ^In®In® W2. 
If p satisfies the Bell restriction (|44|l then, due to H46|l : 



W2 ® W2)] 


In «) W2)] 


W2 (E) In)] 



/vi(0^2(0Krfe;r,.)-±i. (47) 



^See proposition 3. 
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The latter implies <y5i(^)(y52(0 = il^ v-a-e. Since ||<y5]^||, \\^2\\ — Ij ^^ have </?i(C) = '^^2{0^ v-a.e, 
and, hence, 

iT[aT^ {W2 ®W2TW2® W2)] (48) 

The converse statement is not true and a DSO state, satisfying (^HJ, does not necessarily satisfy 

Thus, a DSO state satisfying the general sufficient condition (|42ll does not necessarily exhibit 
Bell 's perfect correlations /anticorrelations. 

3.1 Generalized quantum measurements of Alice and Bob 

In the physical literature, joint measurements on a bipartite system are usually referred to as 
measurements of Alice and Bob. Theorems 1-4 and proposition 5 specify the relations between 
the product expectation values under projective quantum measurements of Alice and Bob. 

To analyze the situation under generalized joint quantum measurements on a bipartite quantum 
state, let us recall that an Alice/Bob joint generalized quantum measurement, with real-valued 
outcomes Ai G Ai, A2 G A2 of any type, is described by the positive operator- valued {POV) 
measure 

m("''')(Si X S2) = a4"'(Bi) ® a4''\B2), VSi C Ai, VB2 C A2, (49) 

where " a" and Ai refer to a setting and an outcome set on the side of Alice while " 6" and A2 - on 
the side of Bob. For simplicity, we further suppose |Ai| < 1, IA2I < 1. 
For a quantum state p onHi ^H2, the formula^^ 

(AiA2)("'') :- / AiA2tr[p(M}")(dAi)®M('')(dA2))] (50) 

J A1XA2 

represents the expectation value of the product A1A2 of outcomes observed by Alice and Bob. 
Here, 



Wr := / AiMr^(dAi), Wr :- / A2M^"^(dA2) (51) 

JAi JA2 

are bounded quantum observables, with operator norms ||W;^ || < 1, HWj || < 1, representing, 
respectively, quantum averages on the sides of Alice and Bob. 
Theorems 1-3 and the representation (|5()|l imply: 

Theorem 5 The product expectation values in a DSO state p on Tii ® Ti.2 satisfy the original 
CHSH inequality: 

I (AiAa)!,'^^'"^) + (AiAa)!,'^^'"^) + {XiM)^;'^"'^ - (AiAa)!,'^^'"^) | < 2, (52) 

under any generalized quantum measurements O^ of Alice and Boh with outcomes |Ai| < 1, 
IA2I < 1 of any type. 

Theorem 6 Let 7„„, n,m ^ 1,2, be any real coefficients with |7„„| < 1 and 7ii7i2 — ~72i722 
or 7ii72i = ~7i2722- V o DSO state p on Ti. (g)T-i is either symmetric or of the Bell class then 
the product expectation values in this p satisfy the extended CHSH inequality: 



n , m 



< 2, (53) 



^See also [3], section 3.1. 
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under any generalized quantum measurements T^jj of Alice and Boh with outcomes \Xi\ < 1, 
IA2I < 1 of any type. 

Theorem 7 Under any joint generalized quantum measurements O^ of Alice and Bob where: 

\^Mf'\d\^)^ j \2M!i"\d\2), (54) 

Al J t^2 

the product expectation values in every Bell class state p on TL®TL satisfy the perfect correlation 
form of the original Bell inequality: 

(AiA2)('^'^^) - (AiA2)('^'''^)| < 1 - (AiA2)(''-''^). (55) 

The operator relation (|54|l does not mean the perfect correlations of outcomes on the sides of 
Alice and Bob and is always true in case of projective Alice and Bob measurements of the same 
quantum observable on both sides. 

Theorem 4 can be also easily generalized to the case of joint generalized quantum measure- 
ments. 

Acknowledgments. I am grateful to Marek Bozejko, Klaus Molmer and Asher Peres for 
valuable discussions. 
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